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The problem

* maxz = 2x; + 3%, + X3
s.t. X; + X, + X3 £ 40
X, X9, X320



Standard Form

* We can convert the problem into standard form by introducing slack
variables into the constraints

max z = 2X; + 3X, + X3

s.t. X, + X, + X3 +51 =40
2X + X5 — X3 —S2 =10
X, + X3 —-s3=10

X1, X9, X3, S1, S5, S32 0



Finding a BFS

* We normally like to take the origin as an initial basic feasible solution
to the problem. However, we can trivially see that taking x,=x,=x5=0
cannot be satisfied by the bottom 2 constraints, as there is no positive
S, Or s; that we can choose to satisfy those equations.

* Instead, we will form a new problem for which we can use the origin

as our BFS, and to which the optimal point is a feasible solution to our
original problem.



Forming the Phase 1 problem

* We will introduce artificial variables y, and y, to constraints 2 and 3
such that we can trivially find a BFS to this problem. Our new
objective function, w, will be to minimize y, +vy,, which is equivalent
to maximizing —y, -V,

* If we can find a solution to this problem such that w = 0, then we
have found a solution where y, =y, = 0, which is then a feasible

solution to the original problem. If we find an optimal point where
w £ 0, then there is no feasible solution for the original problem.



The Phase 1 problem

¢ maxw='y1'y2

s.t. X; + X, + X3+ 51 =40
2X, + X5 — X3 —S2 +Vy, =10
X, + X3 —S3 +vy,=10
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* Rearranging the objective function to put it into the tableau, we get
w+y,+y,=0



Initial Tableau

I I I N N N T 7 P

1 0 0 0 0 0 0 1 1 0
0 1 1 1 1 0 0 0 0 40
0 2 1 -1 0 -1 0 1 0 10
0 0 -1 1 0 0 -1 0 1 10

* The tableau is not yet in canonical form. We will make y, and y, basic
variables by subtracting row 3 and row 4 from row 1.



Canonical Form

1 -2 0 0 0 1 1

0 1 1 1 1 0 0 0 0 40
0 2 1 -1 0 -1 0 1 0 10
0 0 -1 1 0 0 -1 0 1 10

* Our initial BFS contains w, s,, y,, and y, as basic variables, and all
others as non-basic. This solution gives w=-20, s,=40, y,=10, y,=10,
with all other variables equal to 0.

* We can see that the objective function will increase if we give x, some
positive value (w — 2x; +s, + 55 =-20 -> w = 2x, — S, — S; — 20), so we
will make x, a basic variable.



Deciding the exiting variable

* We need to determine which basic variable will exit if we make x, a
basic variable. As all variables must be non-negative, we must
determine which basic variable will decrease to 0 the fastest as we
increase x, from 0. If we increase x, by some A, then we can derive
the following equations from the tableau:

s, =40—-A
y, =10-2*A
y, =10—-0*A

From this we can see that y, will reach 0 the fastest, and must be the
exiting variable.



The first pivot

* As x, is entering and y, is leaving, we must pivot on x, on the row that
depends on y, (row 3). This results in the following tableau.

1 0 0 1 0

0 0 0.5 1.5 1 0.5 0 -0.5 0 35
0 1 0.5 -0.5 0 -0.5 0 0.5 0 5
0 0 -1 1 0 0 -1 0 1 10



The second pivot

I S ™ O I A T 7 7 O
-1 0 -10

1 0 1 0 1 1 0

0 0 0.5 1.5 1 0.5 0 -0.5 0 35
0 1 0.5 -0.5 0 -0.5 0 0.5 0 5
0 0 -1 1 0 0 -1 0 1 10

* We can see that we can still improve in the direction of x;, so we will
make x; the next basic variable.

* Using the same decision rule from before, we can see that y, will be
reduced to O first, and therefore must be our exiting variable.



Finishing the Phase 1 problem

* Pivoting on x; from row 4, we obtain the foIIowing tableau:

1 0 0 0 0

0 0 2 0 1 0.5 1.5 -0.5 -1.5 20
0 1 0 0 0 -0.5 -0.5 0.5 0.5 10
0 0 -1 1 0 0 -1 0 1 10

 We can see that there is no direction we can move in to further
improve w, and also that the RHS is 0. From this, we can conclude that
we have reduced the artificial variables to 0 and found a feasible
solution to the original problem.



BFS to original problem

* From the final tableau, we obtain the solution x,=10, x,=10, s,=20.
Applying this to our original constraints to check our work, we can see
that they are satisfied.

* maxz = 2x; + 3%, + X3

s.t. X{+ X, + X3 + 51 =40 (10+ 0+ 10 + 20 = 40)
2X; + Xy = Xq —s2 =10(20+0-10-0 =10)
-X5 + X3 -s3=10(-0+10-0 =10)

X1, X9, X3, S1, S5, S32 0

* Thus we have found a BFS to the original problem



Forming the Phase 2 problem

* To set up the Phase 2 problem, we take the final tableau from the
Phase 1 problem and replace our first row with the original objective,
z. As we have found a solution where the artificial variables are 0, and
any non-zero value for these is an infeasible solution to this problem,
we will remove these from the tableau to avoid giving them any value

again.



Canonical Form
—nnnnnnm

1 -2 -3 -1 0

0 0 2 0 1 0.5 1.5 20
0 1 0 0 0 -0.5 -0.5 10
0 0 -1 1 0 0 -1 10

* We can see that this tableau is not yet in canonical form, as x, and x,
now have coefficients in the z-row. To convert to standard form, we
add 2*(row 3) and 1*(row 4) to row 1 so that x, and x; are basic
variables again.



The first pivot
—nnnnnnm

1 0 -4 0 0

0 0 2 0 1 0.5 1.5 20
0 1 0 0 0 -0.5 -0.5 10
0 0 -1 1 0 0 -1 10

* We can see that our objective value improves in any of the directions
X,, S,, Or S3. We can pick any of these directions. In this case, we will
let x, be the entering variable. We can see that s, is the only basic
variable that will decrease with an increase in x,, so it is the exiting
variable.



The optimal solution
oz | x| % | x| s | s | s | RHs

1 0 0 0 2

0 0 1 0 0.5 0.25 0.75 10
0 1 0 0 0 -0.5 -0.5 10
0 0 0 1 0.5 0.25 -0.25 20

* We can see that there is no direction in which the objective function
improves from this point, so we have found an optimal solution. The
optimal value is 70, and the optimal solution is x,=10, x,=10, x5=20,
s,=0, s,=0, s;=0.



